The role of thermal relaxation in nanoparticle melting is studied using a mathematical model These results demonstrate that it is inappropriate to use the jump condition in models of phase change. Numerical investigations reveal that thermal relaxation can increase the time required to melt a nanoparticle by up to 500%. Thus, thermal relaxation is an important process to capture in models of nanoparticle melting and is expected to be relevant in other rapid phase-change processes.
Introduction
Technological advancements are driving the need to better understand the thermal characteristics of nanosystems [1, 2] . Perhaps the simplest and most theoretically studied nanosystem is the spherical nanoparticle. The one-dimensional geometry of a nanoparticle is ideal for developing mathematical models which can be compared against experimental data and used to assess new theories of nanoscale heat transport and phase change. From a practical perspective, nanoparticles play fundamental roles in novel drug delivery systems [3] , materials with modified properties [4, 5] , and for improving the efficiency of solar collectors [6] . Many current and future applications of nanoparticles require quantitative knowledge of how they respond to their thermal environment and their behaviour during melting.
The thermal response of a nanoparticle differs from that of a macroscopic body for two main reasons.
Firstly, the large ratio of surface to bulk atoms leads to many key thermophysical properties, such as melt temperature [7] [8] [9] , latent heat [10] [11] [12] , and surface energy [13] becoming dependent on the size of the nanoparticle. Secondly, the mechanism of thermal transport changes between the macroscale and the nanoscale. At the macroscale, heat is transported by a diffusive process that is driven by frequent collisions between thermal energy carriers known as phonons. Diffusive transport of heat across macroscopic length scales is well described by Fourier's law. On nanometer length scales, thermal energy is transported by a ballistic process driven by infrequent collisions between phonons. The finite time between phonon collisions results in a wave-like propagation of heat with finite speed [14, 15] . Since Fourier's law leads to an infinite speed of heat propagation, it is not suitable for describing ballistic energy transport.
Recent theoretical studies of nanoparticle melting have investigated the role of size-dependent material properties [16] [17] [18] [19] [20] [21] [22] using models that are derived from Fourier's law. Consequently, these models can only capture the diffusive regime of thermal transport rather than the ballistic regime that is more relevant for nanosystems. These studies also predict that nanoparticle melting occurs on pico-to nanosecond time scales, which are of the same order as the time between phonon collisions in many metallic systems [14] . Thus, there is strong evidence to suggest that non-Fourier heat conduction should be accounted for in theoretical models of nanoparticle melting.
The observation of wave-like thermal transport in liquid helium [23] prompted the derivation of new models of heat conduction that avoid the infinite speed of heat propagation predicted by Fourier's law. The first non-Fourier model of heat conduction was simultaneously proposed by Cattaneo [24] and Vernotte [25] , who introduced a thermal relaxation time into Fourier's law. Microscopically, the relaxation time reflects the time between phonon collisions; macroscopically, it represents a time lag between the imposition of a temperature gradient and the creation of a thermal flux. The model proposed by Cattaneo and Vernotte is sometimes called the Maxwell-Cattaneo equation due to the similarity with the equation derived by the British physicist when providing a mathematical basis for the kinetic theory of gases [26] . When the Maxwell-Cattaneo equation is combined with conservation of energy, the so-called hyperbolic heat equation for the temperature is obtained. The Maxwell-Cattaneo equation predicts that thermal energy is transported as a wave with finite speed, making it better suited than Fourier's law for capturing the ballistic transport regime [27] . However, it can also lead to results which violate the laws of thermodynamics [28] . Extensions to the classical theory of irreversible thermodynamics have been proposed as a means of rationalising this issue [29] and used to derive a family of heat conduction models that generalise the Maxwell-Cattaneo equation [30] .
The first studies that incorporated the Maxwell-Cattaneo equation into models of phase change focused on mathematical issues [31] [32] [33] such as the correct form of boundary condition at the interface where phase change occurs [34, 35] . Some authors proposed that the temperature should be continuous across the interface [32, 36] , while others suggested that there should be jump in temperature due to the hyperbolic nature of the governing equations [35, 37, 38] . Numerical studies based on one-dimensional Cartesian geometries showed that non-Fourier heat conduction affects the dynamics of phase change on time scales that are commensurate with the relaxation time of the material [39, 40] . Subsequent studies used the Maxwell-Cattaneo equation to model rapid solidification problems relating to dendrite formation in metal baths [41] , pulsed-laser surface treatment [42] , cryopreservation [43, 44] , and cryosurgery of lung cancer [45] . In all of these works, the governing equations are solved using numerical methods. In fact, it Figure 1 : Spherically symmetry nanoparticle melting. The melting process is driven by an influx of thermal energy from the environment. The combined radius of the solid-liquid system is R0 and assumed to be constant.
The position of the solid-liquid interface is denoted by R(t).
appears that little attention has been given to seeking analytical or asymptotic solutions to non-Fourier models of phase change. One exception is the recent work by Hennessy et al. [46] , who carried out a detailed asymptotic analysis of a non-Fourier model of solidification that accounts for the mean free path of phonons. The authors showed that non-classical transport mechanisms lead to additional time regimes, each with distinct solidification kinetics.
In this paper, we investigate the role of non-Fourier heat conduction and thermal relaxation in nanoparticle melting using a mathematical model based on the Maxwell-Cattaneo equation. Furthermore, we address the issue of which boundary condition should be imposed at the solid-liquid interface.
Unlike many previous works which focus on solving the governing equations numerically, we use a combination of asymptotic and numerical methods to study the dynamics of phase change. The asymptotic analysis uncovers key shortcomings of the jump boundary condition for the temperature, one of which results in unrealistically high melting temperatures that contradict several experimental findings. An asymptotically reduced model is obtained in the limit of large Stefan number. To the best of our knowledge, this is the first time that such a reduction has been carried out on a model that is based on the Maxwell-Cattaneo equation. Finally, we assess the validity of our model in the context of classical thermodynamics.
The paper is organised as follows. In Section 2, a theoretical model for spherical nanoparticle melting is developed. The numerical scheme is presented in Section 3. Asymptotic solutions under different limiting situations are computed in Section 4. A discussion based on the results then follows in Section 5. The paper concludes in Section 6.
Model
We consider the transient melting of a spherical nanoparticle of radius R 0 that is suspended in a warm environment held at temperature T e . The transfer of heat from the environment into the nanoparticle initiates and sustains melting. The entire melting process is assumed to be symmetric so that it is sufficient to consider a one-dimensional model involving time t and the spherical radial coordinate r.
The radial position of the solid-liquid interface, or melt front, is given by r = R(t). Figure 1 illustrates this situation.
To enable the identification of the dominant mechanisms of phase change, the density variation that occurs during melting is assumed to be so small that the change in total volume of the liquid-solid system and the motion of liquid can be neglected. As will be shown in Section 2.5, this assumption is reasonable for many metals. Density-driven motion and expansion of the liquid are considered in Refs. [18, 21] .
We make a further simplifying assumption that the system can be described using a one-phase model that only includes heat conduction through the liquid. Consequently, the temperature of the solid T s is assumed to be equal to the size-dependent melting temperature T m (R) and the flux through the solid q s is taken to be zero. As shown by Myers and Font [20] , where thermal transport in a melting nanoparticle is modelled using Fourier's law, this form of the one-phase model provides an excellent approximation to the full two-phase model. In particular, setting the solid temperature equal to the size-dependent melting temperature T m (R) instead of the initial melting temperature T m (R 0 ), the latter of which is used in standard one-phase reductions, is crucial for achieving accurate solutions. In the one-phase model, it is assumed that the initial temperature of the solid is equal to the initial melting temperature T m (R 0 ). If the solid is below the initial melting temperature, then a two-phase model is required to describe the process of heating the solid to the initial melting temperature. Even after the onset of melting, heat conduction through the solid may be important and need to be captured by a two-phase model.
Bulk equations
The temperature T s and thermal flux q s of the solid are assumed to be
Conservation of energy in the liquid is given by
where ρ l is the density, u l is the internal energy per unit mass, and q l is the thermal flux. The sizedependent melting temperature and internal energies per unit mass will be defined below. The conduction of heat through the liquid is described by the Maxwell-Cattaneo equation. Thus, the thermal flux satisfies
where τ r is the thermal relaxation time and k l is the thermal conductivity. The first term on the left-hand side of (3) captures the delayed response of the flux to a change in thermal environment. This delay is caused by the finite time between the interactions of heat carriers. The introduction of a time derivative in (3) leads to the flux depending on the history, i.e. the time integral, of the temperature gradient. For t τ r , the memory term is negligible, implying that Fourier's law is recovered on time scales that are large compared to the thermal relaxation time.
The internal energy of the solid and liquid per unit mass can be defined as
where c s and c l are the heat capacities of the solid and liquid at constant pressure, respectively; T l is the temperature of the liquid; T * m is the bulk melting temperature; and L m is the latent heat of melting. The size-dependent melt temperature T m is given by the standard form of the Gibbs-Thomson condition,
where l cap is the capillary length, i.e., the length scale on which surface energy becomes important. The capillary length can be written as 
Boundary conditions
The transfer of heat from the environment into the nanoparticle is modelled by a generalisation of Newton's law that accounts for the time scale of thermal relaxation. Relaxation effects can be incorporated into Newton's law by introducing a time derivative of the thermal flux [48, 49] , leading to
where h is a heat transfer coefficient. Assuming that the Maxwell-Cattaneo equation holds at the surface, Eqns. (3) and (7) can be combined into a classical form of Newton's law given by
It is important to note that the classical Newton boundary condition (8) 
In deriving (9) we have used the definitions of the internal energies given by (4) and the solutions for the solid temperature and flux stated in (1).
The final boundary condition is the subject of some debate and, essentially, is determined by how the Maxwell-Cattaneo equation (3) is perceived. On one hand, the Maxwell-Cattaneo equation can be viewed in the same manner as Fourier's law as a constitutive relationship that is independently applied to the solid and liquid phases. In this case, it is natural to require the temperature to be continuous across the solid-liquid interface [32, 36] , leading to the boundary condition
The condition (10) is consistent with classical formulations of phase-change problems based on Fourier's law. On the other hand, the Maxwell-Cattaneo equation can be viewed as a physical law that must hold throughout the two-phase mixture. In this case, it is natural to apply the Rankine-Hugoniot condition to (3), which leads to a jump condition for the temperature [35, 37, 38] 
A potentially problematic aspect of (11) is that naively taking τ r → 0 only recovers temperature continuity at the melt front when the solid and liquid have equal thermal conductivities, which not the case for most materials. We will explore the limit τ r → 0 in greater detail in Section 4.2 using asymptotic methods.
Assuming that temperature continuity (10) is true, then the Stefan condition (9) and the GibbsThomson condition (5) can be combined to obtain
The reduced form of the Stefan condition (12) shows that it is possible to define a size-dependent effective latent heat given by
Since the heat capacity of a liquid is generally greater than that of the corresponding solid, the effective latent heat becomes zero at a critical radius R crit defined by
At this critical radius, no additional energy is required to melt the solid core, so the nanoparticle instantaneously transforms to liquid.
When the jump condition (11) is used in place of the continuity condition (10), the Stefan condition (9) and the jump condition (11) can be combined into a quadratic equation for the speed of the melt front dR/dt. The meaning of the two solutions of this equation are discussed in the context of shock propagation by Greenberg [35] . In this problem, the only admissible solution is that which leads to dR/dt < 0 and is given by
By solving for dR/dt in (14) and substituting the result into (11), a nonlinear relationship between the flux and temperature at the melt front is obtained,
When solving the problem with the jump condition using asymptotic methods in Section 4, the general form of the Stefan condition (9) will be used along with the nonlinear relationship (15) . However, when solving the problem numerically using the approach described in Section 3, it is more convenient to use the jump condition (11), which is linear in the temperature and the flux, along with (14).
Initial conditions
Melting begins from the surface of the nanoparticle so that the initial position of the melt front is given by R(0) = 1. As this corresponds to a nanoparticle that is completely solid when t = 0, it is not possible to impose initial conditions for the temperature and flux of the liquid. However, as shown in Section 4.1, it is possible to obtain an asymptotic solution to the model that is valid for arbitrarily small times, which can be used in place of initial conditions.
Non-dimensionalisation
The governing equations are now cast into dimensionless form by a suitable rescaling of the variables. In doing so, we make the simplifying assumption that the model parameters are independent of temperature, although it is straightforward to account for their temperature dependence. Spatial variables are scaled by the initial radius of the solid nanoparticle R 0 . We let ∆T = T e − T m (R 0 ) be the characteristic temperature scale of the system. As it is the influx of heat from the environment that drives the melting process, it is sensible to define a scale for the flux q using the Newton boundary condition (7); this leads to q ∼ h∆T . Finally, a time scale is chosen by balancing the change in latent heat with the thermal energy that is delivered to the interface, giving t ∼ (ρ l L m R 0 )/(h∆T ). Using these scales, we define dimensionless variables, marked by hats, given
T l = T m (R 0 ) + (∆T )T , and q l = (h∆T )q. The dimensionless bulk equations are given by (upon dropping the hats)
where γ = Cβ −1 N is the effective relaxation parameter, which is the product of the Cattaneo number C, the inverse Stefan number β −1 , and the Nusselt number N . These dimensionless numbers are defined as
The The dimensionless Gibbs-Thomson condition for the melt temperature reads
where θ = T * m /∆T is the dimensionless bulk melting temperature and = l cap /R 0 is the non-dimensional capillary length. In the case of temperature continuity across the melt front, the boundary condition
is imposed. When applying the jump condition, a non-dimensional form of the nonlinear flux-temperature relationship (15) is imposed,
where
plays the role of an effective latent heat and k = k s /k l , ρ = ρ s /ρ l , and c = c s /c l are the ratios of thermal conductivity, density, and specific heat, respectively. In both cases, the non-dimensional Stefan condition (9) can be written as
The rescaled Newton boundary condition governing the influx of thermal energy is given by
Finally, the initial condition for the position of the melt front is R(0) = 1.
Parameter estimation
We consider nanoparticles that have initial radii in the range of 10 nm to 100 nm. The lower bound of 10 nm ensures that the melting process can be described using continuum theory, which is thought to hold on length scales greater than 2 nm [50] . [21] state that the maximum value of the heat transfer coefficient is h max = 4.7 × 10 9 W/(m 2 ·K). The largeness of h max reflects the fact that it provides the closest approximation to the fixed-temperature boundary condition that is possible without instantly vapourising the nanoparticle.
We restrict our attention to the case where h = h max and leave exploring the melting behaviour for smaller values of the heat transfer coefficient as an area of future work.
The corresponding non-dimensional numbers for tin are c = 0.85, ρ = 1.03, and k = 2.23. The Stefan number is given by β = (218 K)/∆T and will typically be large unless the temperature difference ∆T is on the order of 100 K. The dimensionless bulk melting temperature θ = (505 K)/∆T will have the same order of magnitude as the Stefan number. The dimensionless capillary lengths are small and range from = 2.6×10 −3 to 2.6×10 −2 as R 0 decreases from 100 nm to 10 nm. The Nusselt number can be expressed in terms of the initial radius as N = (0.157 nm −1 ) R 0 and will range from N max = 1.57 to 15.7. Rather than estimate the order of magnitude of the Cattaneo number C, it is more enlightening to work directly with the effective relaxation parameter, which may be written as γ = (τ r h∆T )/(ρ l L m R 0 ). Using the maximum heat transfer coefficient h max , τ r = 10 −10 s, and R 0 = 10 nm, the effective relaxation parameter can be written in terms of the temperature difference as γ = (0.115 K −1 )∆T . A value of ∆T 10 K is reasonable and would make the effective relaxation parameter O(1) in size. However, for tin nanoparticles that exceed 10 nm in radius or which have reduced heat transfer coefficients or thermal relaxation times, the effective relaxation parameter will be smaller.
Numerical method
The non-dimensional model (16)- (22) is numerically solved using a semi-implicit finite difference method on a staggered grid [53] . The transformation ξ = (r − R(t))/(1 − R(t)) is used to map the growing domain R(t) ≤ r ≤ 1 to a stationary domain 0 ≤ ξ ≤ 1. The stationary domain is then discretised into (21) is used to evaluate dR/dt. The position of the melt front R is then updated using a forward Euler iteration. This approach leads to a decoupling of the melting and transport processes and avoids the need to solve a nonlinear system of equations at each time step.
Asymptotic analysis
Asymptotic methods are used to calculate analytical solutions to the governing equations under specific limits and simplifying assumptions. We first focus on calculating an approximate solution that is valid for arbitrarily small times. This solution can be used as a consistent initial condition when numerically simulating the model. Furthermore, the small-time solution gives key insights into the physical relevance of the jump condition for the temperature. We then examine the "classical" limit as γ → 0, showing that the Fourier solution is only recovered in the case of a continuous temperature profile. Finally, we construct solutions that are valid in the limit of large Stefan number. Large Stefan numbers characterise phase-change processes that are slow compared to the rate of thermal diffusion. As this is the case in many physical scenarios and for a range of materials, the large-Stefan number limit is perhaps the most common approach for simplifying models of phase change. The relatively fast rate of thermal diffusion implies that on the time scale of melting, the temperature can be well approximated by its quasi-static
profile. An analytical solution for the temperature can then often be obtained, which allows the problem to be reduced to a system of ordinary differential equations for position of the free boundary and, in the case of non-Fourier heat conduction [46] , the thermal flux.
Solution for small times
The behaviour of the solution for small times can be determined by introducing an artificial small parameter ε 1 and then writing t = εt. It will also be convenient to use the Maxwell-Cattaneo equation (16b) to write the Newton condition (22) as
Appropriate scales for the remaining variables are chosen using a balancing procedure that ensures the initial influx of thermal energy from the environment is captured by the model. To facilitate the calculation, we will assume that all of the dimensionless parameters (aside from ε) are O(1) in magnitude.
Fourier conduction
Setting the effective relaxation parameter γ to zero recovers the classical formulation of the melting problem. By combining (16a) and (16b), where the latter is reduced to Fourier's law when γ = 0, we obtain the classical heat equation
subject to the boundary conditions (19a) and (22) . The Stefan condition now reads
To capture the initial influx of energy, we must balance the left-and right-hand sides of the Newton condition (22) , which implies that the temperature gradient and the flux must be O(1) in size. Using these facts in the Stefan condition (25) leads to the conclusion that 1 − R = O(ε). Therefore, we rescale the variables according to r = 1 − εr, R = 1 − εR, and T = εT . After taking the limit ε → 0, the heat equation (24) becomes ∂ 2T /∂r 2 = 0, which is subject to the boundary conditions ∂T /∂r = −N atr = 0 andT = −θ R atr =R(t). Upon solving for the temperature, the Stefan condition (25) reduces to
In terms of the original non-dimensional variables, the solution for small times is given by
Importantly 
Maxwell-Cattaneo conduction with temperature continuity
Balancing terms in the Newton boundary condition (23) requires the flux to be O(ε) in size, q = εq. 
The boundary conditions read
Finally, the Stefan condition is
We assume that there is no flux through the surface of the nanoparticle at timet = 0. The initial conditions for this problem are therefore given bȳ
The solution to this problem, written in terms of the original dimensionless variables, is given by
By accounting for thermal relaxation effects, the magnitude of the flux (32b) is now predicted to increase linearly with time. This is in stark contrast to the instantaneous change in the thermal flux that is observed when using Fourier's law to describe heat conduction. The gradual change of the thermal flux in the case of Maxwell-Cattaneo conduction leads to substantially slower melting kinetics, which are now quadratic in time.
Maxwell-Cattaneo conduction with temperature jump
The rescaling of variables is similar to the case when the temperature is continuous across the melt front.
In particular, the flux must still be O(ε) in magnitude to balance both sides of the Newton condition (23) . However, the temperature scale is now determined from the jump condition (19b), which implies that T = O(1). We therefore rescale the variables according to r = 1 − ε 2r , R = 1 − ε 2R , T =T , and q = εq. Upon taking ε → 0, the bulk equations becomes
The boundary conditions are given by
The Stefan condition (21) can be written as
The solution to (33)- (35) , subject to the initial conditions (31), can be written in terms of the original dimensionless variables as
From (36b) and (36c), it is seen that thermal relaxation leads to a similar linear decrease in the flux and quadratic melting kinetics that were observed in the case of temperature continuity across the melt front. However, the temperature is now O(1) in magnitude and spatially uniform, with a value that is set by the jump condition at the melt front. This leads to the possibility of the liquid temperature exceeding the temperature of the environment, which would prevent the onset of melting. Indeed, an examination of (36c), which can be simplified using 1, reveals that melting will only be possible if the inequality θ(k − 1) < 1 is satisfied. In terms of dimensional quantities, this inequality places a lower limit on the external temperature that allows for melting, T e > (k s /k l )T * m . In deriving this bound, we have used ∆T = T e − T m (R 0 ) T e − T * m . As seen from Table 1 , the thermal conductivity of the solid phase of a material is generally greater than that of the liquid phase by a factor of two or more. This implies that the effective melting temperature (k s /k l )T * m of a nanoparticle exceeds the bulk melting temperature. This result contradicts the findings of several experimental studies [7, 54, 55] , which consistently report nanoparticle melting at temperatures that are substantially lower than the bulk melting temperature. Thus, we can conclude that the jump condition for the temperature is not valid in the context of nanoparticle melting.
Limit of zero thermal relaxation time
We now examine the "classical" limit given by γ → 0 with all other parameters O(1) in size. We first assume that the temperature is continuous across the melt front and then consider the case of a temperature jump.
Temperature continuity
There are two key time regimes in the limit as γ → 0. The first time regime, t = O(γ), captures the quick thermal relaxation that occurs as thermal energy is being transferred to the nanoparticle. In the second time regime, t = O(1), the flux has relaxed to its Fourier value and the classical nanoparticle melting problem is recovered. 
Differentiating (37) with respect to r shows that the temperature satisfies Laplace's equation. The boundary conditions for the temperature are given by ∂T /∂r = −N atr = 0 andT = −θ R atr =R(t).
Upon solving for the temperature and inserting the result into (37), we find that the flux and the position of the melt front satisfy the coupled system of equations
subject toq =R = 0 whent = 0. The solution for the temperature, flux, and position of the melt front, written in terms of the original dimensionless variables, is given by
As t → 0 with γ fixed, the solutions for the flux (39b) and the position of the melt front (39c) reduce to
in agreement with the small-time limit of the non-Fourier model given in (32).
In the second time regime, defined by t = O(1), the relaxation terms can be neglected and the variables do not need to be rescaled from their original dimensionless form. The Maxwell-Cattaneo equation (16b) therefore reduces to Fourier's law. The matching conditions for the flux and the position of the melt front can be obtained from (39b) and (39c) in the limit γ → 0 with t fixed, yielding
which are precisely the small-time solutions to the Fourier model (27) . Consequently, non-classical transport mechanisms do not enter the leading-order problem on O(1) time scales, implying that the classical, Fourier-based model is completely recovered when temperature continuity is imposed at the melt front.
Temperature jump
As in the case of temperature continuity, there are relaxation-and diffusion-dominated time regimes defined by t = O(γ) and t = O(1), respectively. Carrying out the balancing procedure described in Section 4.2.1 shows that the appropriate rescaling is given by t = γt, r = 1 − γr, R = 1 − γR, q =q, and T =T , where the temperature scale has been determined by balancing terms in the jump condition (19b). Taking the limit γ → 0 shows that the governing equations have the same form as (33)- (35), with the exception of the Newton condition, which now reads
In terms of the original non-dimensional variables, the solutions for the flux, temperature and position of the melting front in the first time regime are given by
If we let t → 0 for fixed γ, then the small-time solution (36) is retrieved.
In the second time regime defined by t = O(1), the original dimensionless variables do not need to be rescaled and Fourier's law is recovered. However, in the limit as γ → 0 with t = O(1), the jump condition (19b) reduces to
which only corresponds to the classical boundary condition when k = 1. The matching conditions for this time regime are obtained from (43) by taking the limit γ → 0 for fixed t, which yields
By looking at (27) we observe that the matching conditions coincide with the small-time solution to the classical formulation only for k = 1. Therefore, the classical, Fourier-based melting dynamics will not generally be recovered in the limit as γ → 0, demonstrating another important inadequacy of the jump condition for the temperature.
Solution for large Stefan numbers
We now compute asymptotic solutions in the limit as β → ∞ with γ = O(1) in the case of a continuous temperature profile. We do not repeat the calculation for the case of a temperature jump due the unphysical nature of the model with this boundary condition. More specifically, for all of the materials listed in Table 1 , the assumption of a large Stefan number leads to the (dimensional) external number T e being smaller than the effective melting temperature (k s /k l )T * m . Therefore, melting is simply not possible in the case of a large Stefan number and a temperature jump at the melt front.
Maxwell-Cattaneo conduction with temperature continuity
Before proceeding with the calculation, it is helpful to re-examine the sizes of the various non-dimensional numbers that appear in the model. The parameter θ is of the same order of magnitude as the Stefan number, implying that θ = O(β). The dimensionless capillary length is always small. We will make an additional assumption that θ = O(1) as β → ∞ so that the temperature at the melt front is O (1) during the majority of the melting process. For practical scenarios, where ∆T is of the order of a few Kelvin or larger, this assumption will be true.
After neglecting terms of order β −1 from (16a), the flux q can be written as
where Q(t) is the volume-averaged flux defined as
By inserting (46) into the Maxwell-Cattaneo equation (16b), multiplying by r 2 , and then differentiating with respect to r, the temperature is found to satisfy Laplace's equation. After solving this equation and applying the boundary conditions in (19a) and (22), the temperature profile is given by
Upon substituting (46) and (48) into (16b), a differential equation for the mean flux Q is obtained,
By substituting the solution for the flux (46) into the Stefan condition (21), the position of the melt front evolves according to
Although the second term on the left-hand side of (49b) can generally be neglected, it does not lead to additional complications and thus it is retained. An initial condition for Q can be obtained via a small-time analysis. Following the methodology of Section 4.1, we find that the small-time behaviour of Q and R is given by
as t ∼ 0. The limiting behaviour in (50) exactly coincides with the small-time behaviour of the full model, implying that the solution to (49) will be uniformly valid for all times. The equations in (49) along with (50) form a reduced model that can be used to easily study the melting dynamics of nanoparticles.
Results and discussion
The asymptotic analysis of Section 4.2 reveals that when the Maxwell-Cattaneo equation is used to model heat conduction, the predicted melting behaviour is strongly dependent on the choice of boundary condition applied at the melt front. This is true even when the effective relaxation parameter is small.
To explore the difference in melting dynamics in further detail, we numerically solve the governing equations using both boundary conditions and a small value of the relaxation parameter. Carrying out simulations using both boundary conditions for the same parameter values requires the Stefan number to be small: the jump condition may only be imposed when the temperature difference is sufficiently (and unrealistically) large. Thus, we set R 0 = 10 nm, τ r = 10 −13 s, and β = 0.25, corresponding to ∆T 873 K, which leads to γ 0.10.
The results of the simulations are shown as lines in Fig. 2 , which plots the evolution of the position of the melt front and the mean thermal flux defined in (47) . Also shown are the results obtained using
Fourier's law. Although the temperature profiles will be discussed in detail below, it suffices to say here that they are qualitatively similar. The circles and diamonds in Fig. 2 denote the asymptotic predictions of the flux and position of the melt front given by (39) and (43), respectively, which accurately capture The different behaviour of the thermal flux can be rationalised in terms of the temperature at the melt front. Imposing the jump condition leads to the temperature at the melt front being larger than the Gibbs-Thomson melting temperature. Consequently, there is a smaller temperature difference between the liquid and the environment and the transfer of heat into the nanoparticle is reduced. This means that less thermal energy is transported to the melt front, resulting in a substantially slower melting process, as shown in Fig. 2 (b) . In particular, the melting time, i.e., the time required to completely melt the nanoparticle, is an order of magnitude larger in the jump-based Maxwell-Cattaneo model than in the corresponding continuity-based model.
The results of our analysis highlight two key shortcomings of the jump condition for the temperature.
Firstly, unrealistically large temperature differences (or external temperatures) are required to initiate melting. Secondly, it is not possible to recover the classical, Fourier-based solution in the limit as the effective relaxation parameter tends to zero. These two shortcomings ultimately stem from the large change in interfacial temperature that occurs as a result of the thermal conductivity of the solid being greater than that of the liquid. In previous studies that model phase change with the Maxwell-Cattaneo equation and use the temperature jump condition [34, 35, 38] , the thermal conductivities of the liquid and solid are assumed to be equal, thus avoiding the shortcomings that are observed here. Greenberg [35] even states that it is the jump condition, not the continuity condition, that leads to solutions that are in agreement and consistent with those obtained using Fourier's law. However, our asymptotic and numerical analyses show that this statement is simply not true. We believe that our results provide sufficient evidence to invalidate the jump condition. Thus, we will exclusively focus on the case of a continuous temperature profile throughout the remainder of this section.
We now explore how the thermal relaxation time affects the melting process for a fixed set of parameter When τ r = 10 −12 s (γ 0.025), the evolution of the mean thermal flux can clearly be divided into the relaxation-and diffusion-dominated time regimes discussed in Section 4.1.2. As the thermal relaxation time is increased, the duration of the first, relaxation-dominated time regime is prolonged. In the case of τ r = 10 −10 s, the nanoparticle completely melts before the second, diffusion-dominated regime is entered. Although the magnitude of the mean flux for τ r = 10 −12 s and 10 −11 s eventually exceeds the Fourier flux, the inset of Fig. 3 (a) shows that Fourier's law leads to the largest flux (in magnitude) at the melt front for all times. Thermal relaxation therefore inhibits the transport of thermal energy to the melt front, leading to slower melting kinetics and a melting time that monotonically increases with the relaxation time.
The size of the nanoparticle R 0 influences the melting dynamics in a non-trivial manner. This is demonstrated in Fig. 4 , which shows the results of numerical simulations carried out using larger nanoparticles, of radius R 0 = 100 nm, and relaxation times in the range of 10 the thermal flux at the melt front can be a non-monotonic function of time. These three features are attributed to the competing roles of rapid heat transfer, as characterised by the large Nusselt number, and thermal relaxation. In the case of zero relaxation time, the thermal flux at the melt front (Fig. 4 (b)) initially decreases in magnitude. This is due to the sudden increase in surface temperature, which, in turn, reduces the driving force behind heat exchange with the environment. In systems with non-zero relaxation time, the sharp increase in surface temperature is dampened by relaxation effects, allowing the magnitude of the flux at the melt front to overshoot and subsequently exceed the Fourier value, leading to a melting process that is faster overall. However, the time at which the overshoot occurs increases with the relaxation time. For sufficiently large values of the relaxation time, no overshoot occurs at all, and the melting time becomes larger compared to the Fourier case. As τ r is increased from zero, we find that the melting time decreases until a critical value given by τ r 2.25 × 10 −10 s is reached, after which the melting time begins to increase with the relaxation time. In the case of the 10 nm nanoparticles considered in Fig. 3 , heat is transported away from the surface sufficiently quickly that large increases in temperature and hence decreases in the magnitude of the flux are avoided.
The temperature profiles obtained from Fourier and Maxwell-Cattaneo models are compared in To facilitate comparing the models, the evolution of the temperature is described in terms of the thickness of the liquid region, given by 1 − R(t). For a large part of the melting process, the temperature profiles, for a given liquid thickness, are quantitatively similar. However, key discrepancies arise near the end of the melting process, when the radius of the solid core becomes small. Figure 5 (b) shows the development of a local maximum in the temperature profile in the case of Maxwell-Cattaneo conduction, a feature which is impossible in Fourier-based heat conduction. Despite the non-monotonic temperature profile, the thermal flux (not shown) remains negative, implying there are regions where heat flows in the direction of positive temperature gradients. As will be discussed below, such behaviour is non-physical and violates the second law of thermodynamics. The underlying mechanism for this nonphysical behaviour is the finite speed of heat propagation which is fundamental to the Maxwell-Cattaneo as functions of the dimensional time rather than the dimensionless time because the time scale that is used to non-dimensionalise the model contains a factor of R 0 and therefore varies between simulations.
From Fig. 6 (a) , the initial behaviour of the mean flux is seen to be independent of the size of the nanoparticle, which can be verified by re-dimensionalising the small-time solution for the thermal flux (32b), yielding q l ∼ (h∆T )(t/τ r ). The difference in the long-time behaviour of the flux is attributed to the varying size of the effective relaxation parameter γ. We find that γ = 0.50, 0.10, and 0.050 for 10 nm, 50 nm, and 100 nm nanoparticles, respectively. The relatively strong influence of thermal relaxation in 10 nm nanoparticles prevents the second, diffusion-dominated regime of transport from being reached before the solid core is completely transformed into liquid. For all nanoparticle radii, there is excellent agreement between the asymptotically reduced model and the full model.
The role of thermal relaxation in nanoparticles composed of gold and lead can be studied using the parameter values in Table 1 . The maximum value of the heat transfer coefficient for each material can be calculated using the method outlined by Ribera and Myers [21] . We find that h max has the same order of magnitude for each material. For the purpose of this discussion, it is sufficient to set h max = 4.9 × Table 2 for various values of R 0 and ∆T . The relaxation time is fixed at τ r = 10 −10 s. Thermal relaxation plays the strongest role in 10 nm nanoparticles that are subject to a 100 K temperature difference, as these conditions lead to the most rapid melting. As the radius of the nanoparticle increases or the temperature difference decreases, both of which lead to a longer melting process, the difference in the Fourier and Maxwell-Cattaneo melting times decreases, implying thermal relaxation plays a weaker role. For each value of ∆T and R 0 , the relative difference in melting time is similar across the materials, indicating that thermal relaxation affects each material in roughly the same way. Thus, the results of this section, which are based on parameter values associated with tin, are likely to hold for other materials as well.
Finally, we address one of the major criticisms of the Maxwell-Cattaneo equation, which is that it can lead to negative entropy production, in violation of the second law of thermodynamics. The dimensionless entropy generationṠ can be written as [28] 
Thus, positive entropy generation requires thermal energy to travel in the direction of negative temperature gradient. The onset of a local maximum in the temperature profile observed in Fig. 5 (b) leads to a region of negative entropy production and a breakdown of the model. However, this breakdown occurs late in the melting process, when the radius of the solid core has decreased to roughly 20% of its initial value. In dimensional terms, this corresponds to a radius of 2 nm. On such length scales, the validity of the continuum approximation also comes into question. Up to this point, the Maxwell-Cattaneo equation provides a thermodynamically consistent description of nanoparticle melting. Determining explicit conditions that guarantee positive entropy production is difficult. In the case of a large Stefan number, however, it is straightforward to show that the asymptotically reduced model (49) will always produce entropy, therefore ensuring the second law of thermodynamics is satisfied during the melting process.
Conclusions
The melting of spherical nanoparticles is studied using a non-classical model of heat conduction, based on the Maxwell-Cattaneo equation, that accounts for the finite thermal relaxation time of materials.
By seeking asymptotic and numerical solutions to the model using realistic parameter values, we show that the jump boundary condition for the temperature produces non-physical results. In particular, the jump condition leads to an effective nanoparticle melting temperature that is much greater than the bulk melting temperature, which contradicts the findings of several experimental studies. By analysing the model with temperature continuity imposed across the melt front, we find there is a non-trivial interplay between heat exchange with the environment and thermal relaxation. Depending on the size of the nanoparticle, thermal relaxation can either decelerate or accelerate the overall melting process relative to the case of Fourier conduction. The relevance of thermal relaxation generally increases as the nanoparticle radius decreases or the imposed temperature difference increases, both of which lead to melting processes that occur more rapidly. For the parameter range and materials considered here, thermal relaxation is found to modify the melting time by up to 500%. We can conclude that thermal relaxation is an important process to capture in models of nanoparticle melting and will likely influence the dynamics of phase change in other technologically relevant systems as well.
A key shortcoming of the proposed model is that it can violate the second law of thermodynamics and lead to negative production of entropy. Numerical simulations show that negative entropy production occurs when the speed of the melt front exceeds the finite speed of heat propagation. Such behaviour is only expected to take place near the end of the melting process when the radius of the solid core becomes a few nanometers in size. Until this point, the Maxwell-Cattaneo equation is able to provide a thermodynamically consistent description of nanoscale heat transport. Future studies of nanoparticle melting can explore using alternative models of non-Fourier heat conduction to avoid the issue of negative entropy production altogether.
